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We present analytical and numerical results of the relativistic calculation of the transition matrix
element Sfi and differential cross section for Mott scattering of initially polarized Dirac particles
(electrons) in the presence of strong laser field with linear polarization. We use exact Dirac-Volkov
wave functions to describe the dressed electrons and the collision process is treated in the first Born
approximation. The influence of the laser field on the degree of polarization of the scattered electron
is reported.
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I. INTRODUCTION
Spin is an essential and fascinating complication in the
physics of quantum collision theory as well as in many
fields of physics. The spin of a particle is a quantum me-
chanical attribute. Therefore, questions about the spin
dependence of atomic reactions tend to probe the under-
lying theoretical structure very deeply. On the particle
side, the technology of spin measurement has improved
dramatically over the past years [1-2]. Improvement in
polarized sources allow to produce successfully polarized
gas whereas polarized electrons and positrons in (e+e−)
colliders are commonplace. This area of study has served
as a crucial testing grounds in elementary particle physics
and in atomic scattering theories and experiments. Meth-
ods that have passed this test successfully are now being
widely used for a series of practical applications as well.
These include the production of atomic data for the mod-
elling of fusion plasma, as well as data needed for astro-
physics and laser physics. In this contribution, we begin
by a simple introduction to the process of Mott scat-
tering, one the most important techniques in polarized
electron studies [3]. Whenever the spin direction plays
a role, one has to average over all spin orientations in
order to describe the experiments properly. Only in re-
cent years has it been found possible to produce electron
beams in which the spin has a preferential orientation.
They are called polarized electrons beams [4] in anal-
ogy to polarized light in which it is the field vectors that
have a preferred orientation. There are many reasons
for the interest in polarized electrons. One important
reason is that in physical experiments one endeavors to
define as exactly as possible the initial and/or final states
of the systems being considered. Moreover experiments
on laser-induced process in strong laser fields well be-
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yond the atomic field strength intensity of about 3.5 1016
W/cm2 have clearly given evidence of relativistic effects
[5]. However, the search for spin-specific effects has been
rare [6]-[7].
The purpose of this contribution is to add some new
physical insights and to show that the modification of
the polarization degree due to the presence of a strong
laser field can provide (or not) a clear signature of spin
effects in electron-laser interaction. Before we present
the results of our investigation concerning laser-assisted
Mott scattering of polarized electrons, we first begin by
sketching the principal steps of our treatment. As many
atomic and laser physicists are unfamiliar with the rel-
ativistic formalism that is very often given in natural
units (~ = c = 1) widely used in elementary particle
physics, we begin by the most basic results of Mott scat-
tering of polarized electrons in the absence of the laser
field using atomic units (a.u). In atomic units, one has
(~ = me = e = 1) where me is the electron rest mass.
Throughout this work, we shall use atomic units and
work with the metric tensor gµν = diag(1,−1,−1,−1).
Then, in the presence of a laser field, we compare the re-
sults obtained with those obtained in the absence of the
laser field. The organization of this paper is as follows. In
section II, we present the scattering of polarized electrons
by a Coulomb field in the absence of the laser field and we
introduce the concept of polarized differential cross sec-
tion (polarized DCS) as well as the helicity flip polarized
DCS and the helicity non-flip DCS. We also define the
degree of polarization of the scattered electrons. At this
stage, it is important to remark that in many experiments
[8], the degree of polarization of the scattered electrons
is measured. In section III, we discuss the laser-assisted
Mott scattering of polarized electrons in the presence of
a laser field. In section IV, we discuss the results we have
obtained and we end by a brief conclusion in section V.
We hope to offer a simple pedagogical treatment of spin
in relativistic atomic collisions that strips it of its unnec-
essary mystery. Our approach based upon the helicity
formalism leads to a unified treatment that can be ap-
2plied to other relativistic atomic scattering processes in
the absence or in the presence of a laser field. Finally,
we would like to emphasize the following : the spin po-
larization state of a Dirac particle has not to be confused
with the polarization of the laser field (which can be lin-
ear, circular or elliptical) used to describe the process let
aside with the number n of photons exchanged between
the Dirac particles and the laser field.
II. MOTT SCATTERING OF POLARIZED
ELECTRONS IN THE ABSENCE OF A LASER
FIELD.
Let us consider one of the simplest process of QED [9]
namely the Coulomb scattering of electrons. We calcu-
late the scattering of electrons at a fixed Coulomb po-
tential in the first Born approximation. The transition
matrix element for this process is
Sfi = −i
∫ +∞
−∞
dt < ψpf (x)|A/|ψpi(x) > (1)
where
ψpi(x) =
1√
2EiV
u(pi, si)e
−ipix (2)
is the Dirac wave function describing the incident elec-
tron normalized to the volume V , and where
ψpf (x) =
1√
2EfV
u(pf , sf )e
−ipfx (3)
describes the scattered electron and is also normalized to
the volume V . The free spinors u(p, s) are normalized
according to uu = 2c2 and u†u = 2E. The Coulomb
potential A0(x) is generated by a static nucleus of charge
(−Z)
Aµcoul = (−
Z
|x| , 0, 0, 0) (4)
Then
A/ = Aµγ
µ = A0γ
0 = − Z|x|γ
0 (5)
and Sfi simply reads
Sfi = iZ
∫ +∞
−∞
dt
∫
dx
u(pf , sf)√
2EfV
γ0
u(pi, si)√
2EiV
e−i(pi−pf )x
|x|
(6)
Performing the integrals over t and x gives
Sfi =
iZ4pi
2V
√
EfEi
u(pf , sf )γ
0u(pi, si)
|q|2 2piδ(Ef − Ei), (7)
where |q| = |pi − pf |.
Using the standard procedures of QED [9], one finds for
the unpolarized DCS
dσ
dΩf
=
Z2
c4
1
|q|4
1
2
∑
sisf
|u(pf , sf )γ0u(pi, si)|2 (8)
evaluated for Ef = Ei = E. This in turn implies
|pi| = |pf | = |p|. The unpolarized DCS is then given
by summing the DCS over the final spin polarizations sf
and then averaging over the initial spin polarizations si.
It is straightforward to show that
1
2
∑
sisf
∣∣u(pf , sf )γ0u(pi, si)∣∣2 = 2c2
×
(
2EiEf
c2
− (pi.pf ) + c2
)
(9)
or with the notational conventions we have adopted
1
2
∑
sisf
∣∣u(pf , sf)γ0u(pi, si)∣∣2 = 2E2+2c2 |p|2 cos(θ)+ 2c4
(10)
where θ is the scattering angle. Using β2E2 = |p|2 c2
and q =|pi − pf | = 2 |p| sin(θ/2), one finally finds for
the unpolarized DCS(
dσ
dΩf
)
Mott
=
1
4
Z2
c2β2 |p|2
(1 − β2 sin2( θ2 ))
sin4( θ2 )
(11)
=
(
dσ
dΩf
)
Ruth
(
1− β2 sin2(θ
2
)
)
where (
dσ
dΩf
)
Ruth
=
Z2
4c2β2 |p|2
1
sin4( θ2 )
(12)
is the unpolarized Rutherford DCS obtained in the limit
β → 0 (small velocities). Up to now, all calculations have
been carried out with the assumption that the electron
spin is not observed. In what follows, we shall calculate
the scattering of polarized Dirac particles. But first, let
us review the basics needed for the description of spin
polarization [9]. Free electrons with four-momentum p
and spin s are described by the free spinors u(p, s), the
vector sµ defined by
sµ =
1
c
(
|p| , E
c
p̂
)
, (13)
(with p̂ = p/|p| ) is a Lorentz vector in a frame in which
the particle moves with momentum p. One easily checks
the normalization condition
s.s = sµ.s
µ = −1, (14)
and the orthogonality condition
p.s = pµ.s
µ = 0. (15)
3We introduce the spin projection operator
Σ̂(s) =
1
2
(1 + γ5s/), (16)
with γ5 = iγ
0γ1γ2γ3 = −iγ0γ1γ2γ3. This operator has
the properties that
Σ̂(s)u(p,±s) = ±u(p, s). (17)
One can also apply this formalism to helicity states where
the spin points in the direction of the momentum p
s′λ = λ
p
|p| = λ p̂, λ = ±1. (18)
We can then define a four spin vector
sµλ =
λ
c
(
|p| , E
c
p̂
)
. (19)
The starting point of our calculation is the DCS for
Coulomb scattering of an electron with well defined mo-
mentum pi and well defined spin si. If also the final spin
sf is measured, the polarized DCS then reads
dσ
dΩf
=
Z2
c4
∣∣u(pf , sf )γ0u(pi, si)∣∣2
|q|4 , (20)
evaluated for Ef = Ei = E. Introducing the operators
Σ̂λi(s) =
1
2
(1 + λiγ5s/i), (21)
Σ̂λf (s) =
1
2
(1 + λ
f
γ5s/f ), (22)
we obtain for the polarized DCS
dσ
dΩf
(λi, λf ) =
Z2
c4 |q|4Tr
{
γ0
(1 + λiγ5s/i)
2
(p/ic+ c
2)γ0
(1 + λfγ5s/f )
2
(p/f c+ c
2)
}
(23)
Using the relations pisf = pfsi = E |p| (1 − cos(θ))/c2,
sisf = (|p|2 − E2 cos(θ)/c2)/c2 and pipf = E2/c2 −
|p|2 cos(θ), one finally obtains
dσ
dΩf
(λi, λf ) =
Z2
c4 |q|4 2
[
E2 cos2(
θ
2
) + c4 sin2(
θ
4
)
+λiλf
(
E2 cos2(
θ
2
)− c4 sin2(θ
4
)
)]
. (24)
So if during the process, there is a helicity flip λf = −λi,
we obtain for the helicity flip polarized DCS
(
dσ
dΩf
)
flip
=
4Z2
c4 |q|4 c
4 sin2(
θ
2
) (25)
=
(
dσ
dΩf
)
Ruth
c4
E2
sin2(
θ
2
).
If there is no helicity flip λi = λf and the helicity non
flip polarized DCS is given
(
dσ
dΩf
)
non flip
=
(
dσ
dΩf
)
Ruth
cos2(
θ
2
), (26)
Of course, one must have
(
dσ
dΩf
)
Mott
=
(
dσ
dΩf
)
non flip
+
(
dσ
dΩf
)
flip
. (27)
Noting that c4 = |p|2 c2 − E2, we have
c4
E2
sin2(
θ
4
) + cos2(
θ
2
) = 1− |p|
2
c2
E2
sin2(
θ
2
) (28)
= 1− β2 sin2(θ
2
),
and we end up with(
dσ
dΩf
)
Mott
=
(
dσ
dΩf
)
Ruth
(
1− β2 sin2(θ
2
)
)
, (29)
Now, we introduce the degree of polarization P which is
defined by
P =
dσ
dΩf
(λ
f
= λi = 1)− dσdΩf (λf = −λi = 1)
dσ
dΩf
(λ
f
= λi = 1) +
dσ
dΩf
(λ
f
= −λi = 1)
(30)
For our process, this degree of polarization reads
P = 1− c
4 sin2( θ2 )
E2 cos2( θ2 ) + c
4 sin2( θ2 )
(31)
Remarking that E = γc2 where γ is the relativistic pa-
rameter γ = (1− β2)− 12 , we obtain for P
P = 1− 2 sin
2( θ2 )
γ2 cos2( θ2 ) + sin
2( θ2 )
(32)
So, for the process of Mott scattering in the absence of
the laser field, only two parameters are relevant, the rel-
ativistic parameter γ and the scattering angle θ. To end
4this section, let us remark that the kinetic energy of the
incident electron is given by
Ti = Tf = c
2(γ − 1) (33)
III. MOTT SCATTERING OF POLARIZED
ELECTRONS IN THE PRESENCE OF A STRONG
LASER FIELD WITH LINEAR POLARIZATION.
Let us consider the simple case where the linearly po-
larized laser field is described by the four potential
A(x) = a1 cos(k.x) (34)
with k.x = kµx
µ = ωt− k.x where ω and k are the fre-
quency and the wave vector of the laser field respectively.
The electron is described by the Dirac -Volkov wave func-
tion [10] solution of the Dirac equation in the presence of
a laser field having the following form
ψp(x) = ψq(x) =
(
1 +
k/A/
2c(k.p)
)
u(p, s)√
2QV
exp(iS(x))
=
(
1 +
k/a/1
2c(k.p)
cos(φ)
)
u(p, s)√
2QV
exp(iS(x)),(35)
with
S(x) = −q.x− a1.p
c(k.p)
sin(φ) (36)
qµ = pµ − A
2
2c2(k.p)
kµ (37)
where A
2
= a21 = −a2/2 is the averaged squared poten-
tial. We turn now to the calculation of the transition
amplitude. The interaction of the dressed electron with
the central Coulomb field
AµCoul =
(
− Z|x| , 0, 0, 0
)
(38)
is considered as a first order perturbation. This is well
justified if Zα ≪ 1 where Z is the atomic number and
α is the fine structure constant. Then, the transition
matrix element for the transition (i→ f) is
Sfi = iZ
∫ +∞
−∞
dt〈ψq
f
(x)
γ0
|x|ψqi (x)〉 (39)
Let us consider the term
ψq
f
(x)γ0ψq
i
(x) =
u(pf , sf )√
2QfV
[1 + c(pf )a/1k/ cos(φ)]
× γ0 [1 + c(pi)k/a/1 cos(φ)] u(pi, si)√
2QiV
× exp(−i(qi − qf ).x− iz sin(φ)) (40)
with
c(p) =
1
2c(k.p)
; z =
1
c
(
a1.pi
k.pi
− a1.pf
k.pf
)
(41)
Transforming the terms containing products of Dirac
gamma matrices and invoking the well known result for
ordinary Bessel functions
e[−iz sin(φ)] =
+∞∑
n=−∞
Jn(z)e
(−inφ), (42)
one ends up with
Sfi =
iZ4pi√
2QiV
√
2QfV
+∞∑
n=−∞
u(pf , sf )Γnu(pi, si)∣∣qi + nk− qf ∣∣2
×2piδ(Qi −Qf + nω) (43)
with
Γn = γ
0B0n+ γ
0k/a/1B1n+ a/1k/γ
0B2n− 2k2a2k/B3n (44)
where B0n, B1n, B2n and B3n are given by

B0n = Jn(z)
B1n =
nJn(z)
2c(k.pi)z
= 14c(k.pi) [Jn+1(z) + Jn−1(z)]
B2n =
nJn(z)
2c(k.pf )z
= 14c(k.pf ) [Jn+1(z) + Jn−1(z)]
B3n =
Jn−2(z)+2Jn(z)+Jn+2(z)
16c2(k.pi)(k.pf )


(45)
Using the standard procedures of QED, one gets for the
unpolarized DCS
dσ
dΩf
=
+∞∑
n=−∞
dσn
dΩf
(46)
with
dσn
dΩf
=
Z2
c4
|qf |
|qi|
1
|qi + nk− qf |4
1
2
∑
sisf
∣∣∣M (n)fi ∣∣∣2
Qf=Qi+nω
(47)
where
1
2
∑
sisf
∣∣∣M (n)fi ∣∣∣2 = 12Tr {Γn(cp/i + c2)Γn(cp/f + c2)} (48)
whereas the corresponding polarized DCS is obtained by
introducing the operators given in Eqs. (21),(22)
dσ
dΩf
(λi, λf ) =
+∞∑
n=−∞
dσn
dΩf
(λi, λf ) (49)
with
5dσn
dΩf
(λi, λf ) =
Z2
c4
|qf |
|qi|
1
|qi + nk− qf |4
Tr
{
Γn
(1 + λiγ5s/i)
2
(cp/i + c
2)Γn
(1 + λfγ5s/f )
2
(cp/f + c
2)
}
(50)
In equations (48) and (50)
Γn = γ
0Γ†nγ
0 (51)
Using REDUCE [11], one finds that the polarized DCS
dσ
dΩf
(λi, λf ) =
+∞∑
n=−∞
Z2|qf |
c4|qi|
(An + λiλfBn)
|qi + nk− qf |4
(52)
where An and Bn are given by
An = A1B20n +B1B21n + C1B22n +D1B23n + E1B0nB1n
+F1B0nB2n +G1B0nB3n +H1B1nB2n
+X1B1nB3n + Y1B2nB3n, (53)
Bn = A2B20n +B2B21n + C2B22n +D2B23n + E2B0nB1n
+F2B0nB2n +G2B0nB3n +H2B1nB2n
+X2B1nB3n + Y2B2nB3n, (54)
These coefficients are very lengthy and can be found in
the Appendix. So, the helicity non flip polarized DCS is
(λ
f
= −λi = 1)
(
dσ
dΩf
)
flip
=
+∞∑
n=−∞
Z2|qf |
c4|qi|
(An − Bn)
|qi + nk− qf |4
(55)
and the helicity non flip polarized DCS is (λ
f
= λi = 1)
(
dσ
dΩf
)
non flip
=
+∞∑
n=−∞
Z2|qf |
c4|qi|
(An + Bn)
|qi + nk− qf |4
(56)
Therefore, we obtain for the degree of polarization
P =
( dσdΩf )non flip − (
dσ
dΩf
)flip
( dσdΩf )non flip + (
dσ
dΩf
)flip
(57)
It is easy to show both analytically and numerically that
the unpolarized DCS given in (46) is such that
dσ
dΩf
=
(
dσ
dΩf
)
non flip
+
(
dσ
dΩf
)
flip
(58)
IV. RESULTS AND DISCUSSIONS
A. In the absence of the laser field
We begin our discussion by one of the most fundamen-
tal result concerning the degree of polarization in the
non relativistic regime. As it is well known, this degree
is close to cos(θ̂i, θf ), the scattering angle. This degree
varies from −1 to 1 as the scattering angle θif = (θ̂i, θf )
varies from −180◦ to 180◦. We show in Fig. 1, the be-
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FIG. 1: The behaviors of
the degree of polarization
as well as the cosine of the
scattering angle cos(θif ) as
functions of the scattering
angle θif .
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FIG. 2: The behaviors of
the degree of polarization
as well as the cosine of the
scattering angle cos(θif ) as
functions of the scattering
angle θif , with different val-
ues of the relativistic param-
eter γ.
havior of cos(θ̂i, θf ) as well as that of the degree of po-
larization. We obtain two very close curves, which was
to be expected. With increasing values of the relativistic
parameter γ, i.e when the collision becomes more rela-
tivistic, the degree of polarization becomes less strongly
angle dependent and approaches a constant value P = 1
as E → ∞. This is shown in Fig. 2. All these results
are consistent with well known results of QED [9] and to
compare with results in presence of the laser field, one has
to bear in mind that the laser field dresses the angular
coordinates [12] of the incident and scattered electrons so
instead of plotting the degree of polarization as a func-
tion of the angle θif , one has to plot it as a function of
the angle θf of the scattered electron. The geometry we
have chosen both for the non relativistic and relativis-
6tic regimes is the following : the angles of the incident
electron are θi = 45
◦ and φi = 0
◦ while the angles of
the scattered electron are φf = 90
◦ with θf varying from
−180◦ to 180◦. There is still a very good agreement
between the degree of polarization P and cos(θ̂i, θf) but
with the difference that now the maximum and minimum
are no longer −1 and 1 but nearly −0.7 and 0.7. This is
shown in Fig. 3. As the energy is increased, we observe
the same phenomenon as previously mentioned, that is,
the degree of polarization approaches the same constant
value 1 and becomes less angle dependent as this is shown
in Fig. 4. One of the most striking effect we shall soon
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FIG. 3: The behaviors of
the degree of polarization
as well as the cosine of the
scattering angle cos(θif ) as
functions of the angle θf .
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FIG. 4: The behaviors of the
degree of polarization and
cos(θif ) as functions of the
angle θf , with different val-
ues of the relativistic param-
eter γ.
encounter in the next section is that the laser field has
a very negligible influence on the degree of polarization
while it has an influence on the polarized DCSs.
Remark : in figures (2) and (4) we have plotted the de-
gree of polarization and cos(θif ) as functions of the angle
θf varying from 0
◦ to 180◦ since there is a complete sym-
metry between its behavior from 0◦ to 180◦ and from
−180◦ and 0◦.
B. In the presence of the laser field
When a laser field is present, one has to be careful
to distinguish between two regimes, the non relativistic
regime and the relativistic regime. The non relativistic
regime corresponds to a relativistic parameter γ = 1.0053
where the curves for the relativistic and non relativistic
kinetic energies of a particle begin to be distinguished.
We recall that γ = (1−v2/c2)−1/2 where v is the velocity
of the particle and c is the velocity of light in the vacuum.
In this regime, the electric field strength is E = 0.05 (a.u)
and the laser frequency is ω = 0.043 (a.u) which corre-
sponds to a laser photon energy of ~ω = 1.17 eV . The
relativistic regime corresponds to a relativistic parame-
ter γ = 2.00. In this regime, the electric field strength is
E = 1.0 (a.u) and we retain the same laser frequency as
previously.
1. The non relativistic regime
In this regime, one expects that the dressing of angular
coordinates of pi and qi as well as those of pf and qf
will not be important and this is indeed the case. While
the helicity non flip polarized differential cross section (in
short DCS (↑)) and the helicity flip polarized differential
cross section (DCS (↓)) are influenced by the number of
photons exchanged, it is not the case for the degree of
polarization which remains nearly constant until the cut
off is reached. We recall that when the cut off is reached,
the various DCSs do not vary anymore since the argu-
ments of the ordinary Bessel functions become close to
their indices [7]. This situation is shown in Fig. 5 where
we give the three DCSs : DCS (↑), DCS (↓) and the un-
polarized DCS. For every simulation and for any number
of photons exchanged, the sum of DCS (↑) and DCS (↓)
always gives the unpolarized DCS. In Fig. 5, the number
of photons exchanged is ±100 and the various DCSs are
reduced. In Fig. 6, we give the corresponding degree of
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FIG. 5: The three DCSs :
DCS (↑), DCS (↓) and unpo-
larized DCS scaled in 10−4
as functions of the angle θf
in degree for n = ±100.
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FIG. 6: The variation of
the degree of polarization
P (γ = 1.0053), cos(qi,qf )
and cos(pi,pf ) as functions
of the angle θf in degree.
polarization and there is no difference between this de-
gree of polarization and that shown in Fig. 3. When the
number of photons exchanged reaches the cut off, which
in the non relativistic regime is ±300, the three DCSs
increase as shown in Fig. 7 but the degree of polariza-
tion do not increase at all. It is still close to cos(θ̂i, θf )
and increasing the number of photons has no influence
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FIG. 7: The three DCSs : DCS (↑), DCS (↓) and unpolarized
DCS scaled in 10−4 as functions of the angle θf in degree for
an exchange of ±300 photons.
on its value. If such a behavior holds for the relativistic
regime, then at least to first order in perturbation the-
ory, we can draw the following conclusions : while the
various DCSs are reduced by the influence of the laser
field with increasing values of the field strength as well
as the incoming electron relativistic kinetic energies, the
corresponding degrees of polarization are almost insensi-
tive to the presence of the laser field or in other terms to
the number of photons exchanged.
2. The relativistic regime
In this regime, the cut off is ±83000 photons that can
be exchanged with the laser field and the corresponding
DCSs are reduced. They are of the order 10−11 (for the
laser free case they are of the order 10−8) and we show
in Fig. 8 the behavior of the three DCS. As the energy
of the incident electron is increased (and also the electric
field strength), the helicity flip polarized differential cross
section ( DCS (↓) is almost negligible, showing that the
leading process in this regime is likely to favor the helicity
non flip polarized differential cross section DCS (↑). For
an exchange of ±100 photons and for an exchange of
±500 photons, the situation remains the same as to the
relative importance of the two DCSs. The increase in the
value of the DCS (↑)) is simply due to the fact that we
have summed over n = ±500 photons and this can be
shown in Fig. 9. On the other hand, there is absolutely
no change in the degree of polarization even if we sum
over a much larger number of photons. This is due to the
fact that the degree of polarization P can be written as
P = 1− 2
dσ(↓)
dΩ
dσ(↑)
dΩ +
dσ(↓)
dΩ
(59)
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FIG. 8: The three DCSs :
DCS (↑), DCS (↓) and unpo-
larized DCS scaled in 10−11
as functions of the angle θf
in degree for an exchange of
±100 photons in the rela-
tivistic regime γ = 2.0, E =
1.0
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FIG. 9: The three DCSs
: DCS (↑), DCS (↓) and
unpolarized DCS scaled in
10−11 as functions of the an-
gle θf for an exchange of
±500 photons in the rela-
tivistic regime γ = 2.0, E =
1.0
and that the second term in the above equation is in-
dependent with respect of the number of photons ex-
changed. Once again, one can not distinguish between
the degree of polarization corresponding to an exchange
of ±100 photons and n = ±500. This degree of polariza-
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FIG. 10: The behaviors of
the degree of polarization
P (γ = 2.0), cos(qi,qf ) and
cos(pi,pf ) as functions of
the angle θf .
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FIG. 11: The behaviors of
the degree of polarization
P (γ = 5.0, n = ±1000)
and the laser free degree of
polarization P (γ = 5.0) as
functions of the angle θf .
tion is shown in Fig. 10. Finally, some observations have
to be made concerning the ultra relativistic regime which
corresponds to a relativistic parameter γ = 5.0 and an
8electric field strength E = 5.89 (a.u). In that case, the
cut off is very high, namely of the order of ±695000 pho-
tons exchanged and due to a lack of high speed comput-
ing facilities, we can not sum over a very large number
of photons. However, the same conclusion holds for the
degree of polarization, which is insensitive to the number
of photons exchanged. In Figure (11), we compare the
laser free degree of polarization and the degree of polar-
ization for an exchange of ±1000 photons. The curves
are very close. The independence of the degree of polar-
ization with respect to the number of photons exchanged
has been checked for various geometries leading always to
the same aforementioned conclusion except for the well
known case of elastic forward scattering where there is
a divergence of the DCS. For this particular geometry,
θi = 0
◦ and φi = 0
◦ while the angles of the scattered
electron are φf = 180
◦ with θf varying from −180◦ to
180◦.
C. Conclusion
In this work, we have studied the behavior of the three
DCSs (the helicity non flip polarized differential cross
section, the helicity flip polarized differential cross sec-
tion and the unpolarized differential cross section) in the
absence and in presence of a linearly polarized laser field.
We have mainly studied the non relativistic and the rel-
ativistic regime and in all cases, the sum of the two po-
larized differential cross sections always gives the unpo-
larized differential cross section while the degree of po-
larization is independent with respect to the number of
photons exchanged and is very close to the laser free de-
gree of polarization. These results have been obtained in
the first order of perturbation theory and are valid for a
very wide range of angular geometries.
APPENDIX A: UNPOLARIZED DCS COEFFICIENTS
A1 = |pf ||pi|c2 cos(θif ) + c4 + EfEi (A1)
B1 = 2(k.pi)a
2
(
(k.pf )c
2 − 2Efω
)
(A2)
C1 = 2(k.pf)a
2
(
(k.pi)c
2 − 2Eiω
)
(A3)
D1 = 8(k.pf)(k.pi)(a
2)2ω2 (A4)
E1 = 2
(
(a1.pf )(k.pi)c
2 − (a1.pi)(k.pf )c2 + 2(a1.pi)Efω
)
(A5)
F1 = 2
(−(a1.pf )(k.pi)c2 + 2(a1.pf )Eiω + (a1.pi)(k.pf )c2) (A6)
G1 =
4a2ω
c2
(−(k.pf)c2Ei − (k.pi)c2Ef − |pf ||pi|c2 cos(θif )ω − c4ω + EfEiω) (A7)
H1 =
4
c2
(
2(a1.pf )(a1.pi)c
2ω2 − (k.pf )(k.pi)a2c4 + (k.pf )a2c2Eiω + (k.pi)a2c2Efω
+a2|pf ||pi|c2 cos(θif )ω2 + a2c4ω2 − a2EfEiω2
)
(A8)
X1 = −8(a1.pf )(k.pi)a2ω2 (A9)
Y1 = −8(a1.pi)(k.pf )a2ω2 (A10)
9APPENDIX B: ADDED POLARIZED DCS COEFFICIENTS
A2 =
1
c4
(
|pf |2|pi|2c4 cos(θif )− |pf |2c2 cos(θif )E2i + |pf ||pi|c6 − |pi|2c2 cos(θif )E2f
+c4 cos(θif )EfEi + cos(θif )E
2
fE
2
i
)
(B1)
B2 =
2
c6
[
− 2(a1.pf )(a1.pi)|pf ||pi|c4ω2 + 2(a1.pf )(a1.pi)|pf |c3 cos(θi)Eiω2 − 2(a1.pf)
×(a1.pi)|pi|c3 cos(θf )Efω2 + 2(a1.pf )(a1.pi)c2 cos(θf ) cos(θi)EfEiω2 + 2(a1.pf )
×(a1.si)(k.pi)|pf |c6ω + 2(a1.pf )(a1.si)(k.pi)c5 cos(θf )Efω − 2(a1.pi)(a1.sf )(k.pf )
×|pi|c6ω + 2(a1.pi)(a1.sf )(k.pf )c5 cos(θi)Eiω + 4(a1.pi)(a1.sf )|pi|c4Efω2 − 4(a1.pi)
(a1.sf )c
3 cos(θi)EfEiω
2 + 2(a1.sf )(a1.si)(k.pf )(k.pi)c
8 − 4(a1.sf )(a1.si)(k.pi)c6Efω
+(k.pf )(k.pi)a
2|pf ||pi|c6 + (k.pf )(k.pi)a2c4 cos(θif )EfEi − (k.pf )a2|pf ||pi|c4Eiω
+(k.pf )a
2|pf |c3 cos(θi)E2i ω − (k.pf )a2|pi|2c4 cos(θif )Efω + (k.pf )a2|pi|c3 cos(θif )
× cos(θi)EfEiω + (k.pi)a2|pf |2c4 cos(θif )Eiω − (k.pi)a2|pf ||pi|c4Efω + (k.pi)a2|pf |
×c3 cos(θif ) cos(θf )EfEiω + (k.pi)a2|pi|c3 cos(θf )E2fω − 2(k.pi)a2c2 cos(θif )E2fEiω
−a2|pf |2|pi|2c4 cos(θif )ω2 + a2|pf |2|pi|c3 cos(θif ) cos(θi)Eiω2 − a2|pf ||pi|2c3 cos(θif )
× cos(θf )Efω2 − a2|pf ||pi|c6ω2 + a2|pf ||pi|c2 cos(θif ) cos(θf ) cos(θi)EfEiω2 + a2|pf |
×|pi|c2EfEiω2 + a2|pf |c5 cos(θi)Eiω2 − a2|pf |c cos(θi)EfE2i ω2 + 2a2|pi|2c2 cos(θif )
×E2fω2 − a2|pi|c5 cos(θf )Efω2 − 2a2|pi|c cos(θif ) cos(θi)E2fEiω2 − a2|pi|c cos(θf )E2f
×Eiω2 + a2c4 cos(θf ) cos(θi)EfEiω2 + a2 cos(θf ) cos(θi)E2fE2i ω2
]
(B2)
C2 =
2
c6
[
− 2(a1.pf )(a1.pi)|pf ||pi|c4ω2 − 2(a1.pf )(a1.pi)|pf |c3 cos(θi)Eiω2 + 2(a1.pf )
×(a1.pi)|pi|c3 cos(θf )Efω2 + 2(a1.pf)(a1.pi)c2 cos(θf ) cos(θi)EfEiω2 − 2(a1.pf )
×(a1.si)(k.pi)|pf |c6ω + 2(a1.pf )(a1.si)(k.pi)c5 cos(θf )Efω + 4(a1.pf )(a1.si)|pf |
×c4Eiω2 − 4(a1.pf)(a1.si)c3 cos(θf )EfEiω2 + 2(a1.pi)(a1.sf )(k.pf )|pi|c6ω
+2(a1.pi)(a1.sf )(k.pf )c
5 cos(θi)Eiω + 2(a1.sf )(a1.si)(k.pf )(k.pi)c
8 − 4(a1.sf )
×(a1.si)(k.pf )c6Eiω + (k.pf )(k.pi)a2|pf ||pi|c6 + (k.pf )(k.pi)a2c4 cos(θif )EfEi
−(k.pf)a2|pf ||pi|c4Eiω + (k.pf )a2|pf |c3 cos(θi)E2i ω + (k.pf )a2|pi|2c4 cos(θif )Efω
+(k.pf)a
2|pi|c3 cos(θif ) cos(θi)EfEiω − 2(k.pf )a2c2 cos(θif )EfE2i ω − (k.pi)a2|pf |2c4
× cos(θif )Eiω − (k.pi)a2|pf ||pi|c4Efω + (k.pi)a2|pf |c3 cos(θif ) cos(θf )EfEiω + (k.pi)
×a2|pi|c3 cos(θf )E2fω − a2|pf |2|pi|2c4 cos(θif )ω2 − a2|pf |2|pi|c3 cos(θif ) cos(θi)Eiω2
+2a2|pf |2c2 cos(θif )E2i ω2 + a2|pf ||pi|2c3 cos(θif ) cos(θf )Efω2 − a2|pf ||pi|c6ω2 + a2
×|pf ||pi|c2 cos(θif ) cos(θf ) cos(θi)EfEiω2 + a2|pf ||pi|c2EfEiω2 − a2|pf |c5 cos(θi)Ei
×ω2 − 2a2|pf |c cos(θif ) cos(θf )EfE2i ω2 − a2|pf |c cos(θi)EfE2i ω2 + a2|pi|c5 cos(θf )Efω2
−a2|pi|c cos(θf )E2fEiω2 + a2c4 cos(θf ) cos(θi)EfEiω2 + a2 cos(θf ) cos(θi)E2fE2i ω2
]
(B3)
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D2 =
8(a2)2ω2
c8
(
− (k.pf )(k.pi)|pf ||pi|c6 + (k.pf )(k.pi)c4 cos(θif )EfEi + (k.pf )|pf ||pi|
×c4Eiω − (k.pf )|pf |c3 cos(θi)E2i ω − (k.pf )|pi|2c4 cos(θif )Efω + (k.pf )|pi|c3 cos(θif )
× cos(θi)EfEiω − (k.pi)|pf |2c4 cos(θif )Eiω + (k.pi)|pf ||pi|c4Efω + (k.pi)|pf |c3 cos(θif )
× cos(θf )EfEiω − (k.pi)|pi|c3 cos(θf )E2fω + |pf |2|pi|2c4 cos(θif )ω2 − |pf |2|pi|c3 cos(θif )
× cos(θi)Eiω2 − |pf ||pi|2c3 cos(θif ) cos(θf )Efω2 + |pf ||pi|c6ω2 + |pf ||pi|c2 cos(θif ) cos(θf )
× cos(θi)EfEiω2 − |pf ||pi|c2EfEiω2 − |pf |c5 cos(θi)Eiω2 + |pf |c cos(θi)EfE2i ω2 − |pi|
×c5 cos(θf )Efω2 + |pi|c cos(θf )E2fEiω2 + c4 cos(θf ) cos(θi)EfEiω2 − cos(θf ) cos(θi)E2f
×E2i ω2
)
(B4)
E2 =
2
c4
(
(a1.pf )(k.pi)|pf ||pi|c4 + (a1.pf )(k.pi)c2 cos(θif )EfEi − (a1.pf )|pf ||pi|c2Eiω
+(a1.pf )|pf |c cos(θi)E2i ω − (a1.pf )|pi|2c2 cos(θif )Efω + (a1.pf )|pi|c cos(θif )
× cos(θi)EfEiω − (a1.pi)(k.pf )|pf ||pi|c4 − (a1.pi)(k.pf )c2 cos(θif )EfEi
−(a1.pi)|pf |2c2 cos(θif )Eiω + (a1.pi)|pf ||pi|c2Efω − (a1.pi)|pf |c cos(θif )
× cos(θf )EfEiω − (a1.pi)|pi|c cos(θf )E2fω + 2(a1.pi) cos(θif )E2fEiω
−(a1.sf )(k.pi)|pf |c4 cos(θif )Ei − (a1.sf )(k.pi)|pi|c4Ef + (a1.sf )|pf ||pi|2
×c4 cos(θif )ω − (a1.sf )|pf ||pi|c3 cos(θif ) cos(θi)Eiω + (a1.sf )|pi|c6ω
+(a1.sf )|pi|c2EfEiω − (a1.sf )c5 cos(θi)Eiω − (a1.sf )c cos(θi)EfE2i ω
+(a1.si)(k.pf )|pf |c4Ei + (a1.si)(k.pf )|pi|c4 cos(θif )Ef + (a1.si)|pf |2|pi|c4
× cos(θif )ω + (a1.si)|pf ||pi|c3 cos(θif ) cos(θf )Efω + (a1.si)|pf |c6ω
−(a1.si)|pf |c2EfEiω − 2(a1.si)|pi|c2 cos(θif )E2fω + (a1.si)c5 cos(θf )Efω
+(a1.si)c cos(θf )E
2
fEiω
)
(B5)
F2 =
2
c4
(
− (a1.pf )(k.pi)|pf ||pi|c4 − (a1.pf )(k.pi)c2 cos(θif )EfEi + (a1.pf )|pf ||pi|c2Eiω
−(a1.pf)|pf |c cos(θi)E2i ω − (a1.pf )|pi|2c2 cos(θif )Efω − (a1.pf )|pi|c cos(θif ) cos(θi)
×EfEiω + 2(a1.pf ) cos(θif )EfE2i ω + (a1.pi)(k.pf )|pf ||pi|c4 + (a1.pi)(k.pf )c2 cos(θif )
×EfEi − (a1.pi)|pf |2c2 cos(θif )Eiω − (a1.pi)|pf ||pi|c2Efω + (a1.pi)|pf |c cos(θif ) cos(θf )ω
×EfEi + (a1.pi)|pi|c cos(θf )E2fω + (a1.sf )(k.pi)|pf |c4 cos(θif )Ei + (a1.sf )(k.pi)|pi|c4Ef
+(a1.sf )|pf ||pi|2c4 cos(θif )ω + (a1.sf )|pf ||pi|c3 cos(θif ) cos(θi)Eiω − 2(a1.sf )|pf |c2 cos(θif )
×E2i ω + (a1.sf )|pi|c6ω − (a1.sf )|pi|c2EfEiω + (a1.sf )c5 cos(θi)Eiω + (a1.sf )c cos(θi)Ef
×E2i ω − (a1.si)(k.pf )|pf |c4Ei − (a1.si)(k.pf )|pi|c4 cos(θif )Ef + (a1.si)|pf |2|pi|c4 cos(θif )ω
−(a1.si)|pf ||pi|c3 cos(θif ) cos(θf )Efω + (a1.si)|pf |c6ω + (a1.si)|pf |c2EfEiω − (a1.si)c5
× cos(θf )Efω − (a1.si)c cos(θf )E2fEiω
)
(B6)
G2 =
4a2ω
c6
(
(k.pf )|pi|2c4 cos(θif )Ef − (k.pf )c2 cos(θif )EfE2i + (k.pi)|pf |2c4 cos(θif )Ei
−(k.pi)c2 cos(θif )E2fEi − |pf |2|pi|2c4 cos(θif )ω + |pf |2|pi|c3 cos(θif ) cos(θi)Eiω
+|pf ||pi|2c3 cos(θif ) cos(θf )Efω − |pf ||pi|c6ω + |pf |c5 cos(θi)Eiω − |pf |c cos(θif )
× cos(θf )EfE2i ω + |pi|c5 cos(θf )Efω − |pi|c cos(θif ) cos(θi)E2fEiω − c4 cos(θif )Ef
×Eiω + cos(θif )E2fE2i ω
)
(B7)
11
H2 =
4
c6
(
2(a1.pf )(a1.pi)c
2 cos(θif )EfEiω
2 − 2(a1.pf )(a1.pi)c2 cos(θf ) cos(θi)EfEiω2 − 2(a1.pf )
×(a1.si)(k.pi)c5 cos(θf )Efω − 2(a1.pf )(a1.si)|pi|c4 cos(θif )Efω2 + 2(a1.pf )(a1.si)c3 cos(θf )
×EfEiω2 − 2(a1.pi)(a1.sf )(k.pf )c5 cos(θi)Eiω − 2(a1.pi)(a1.sf )|pf |c4 cos(θif )Eiω2 + 2
×(a1.pi)(a1.sf )c3 cos(θi)EfEiω2 − 2(a1.sf )(a1.si)(k.pf )(k.pi)c8 + 2(a1.sf )(a1.si)(k.pf )c6
×Eiω + 2(a1.sf )(a1.si)(k.pi)c6Efω + 2(a1.sf )(a1.si)|pf ||pi|c6 cos(θif )ω2 + 2(a1.sf )(a1.si)
×c8ω2 − 2(a1.sf )(a1.si)c4EfEiω2 − (k.pf )(k.pi)a2|pf ||pi|c6 − (k.pf )(k.pi)a2c4 cos(θif )EfEi
+(k.pf )a
2|pf ||pi|c4Eiω − (k.pf )a2|pf |c3 cos(θi)E2i ω − (k.pf )a2|pi|c3 cos(θif ) cos(θi)EfEiω
+(k.pf )a
2c2 cos(θif )EfE
2
i ω + (k.pi)a
2|pf ||pi|c4Efω − (k.pi)a2|pf |c3 cos(θif ) cos(θf )EfEiω
−(k.pi)a2|pi|c3 cos(θf )E2fω + (k.pi)a2c2 cos(θif )E2fEiω − a2|pf ||pi|c2 cos(θif ) cos(θf ) cos(θi)
×EfEiω2 − a2|pf ||pi|c2EfEiω2 + a2|pf |c cos(θif ) cos(θf )EfE2i ω2 + a2|pf |c cos(θi)EfE2i ω2
+a2|pi|c cos(θif ) cos(θi)E2fEiω2 + a2|pi|c cos(θf )E2fEiω2 + a2c4 cos(θif )EfEiω2 − a2c4
× cos(θf ) cos(θi)EfEiω2 − a2 cos(θif )E2fE2i ω2 − a2 cos(θf ) cos(θi)E2fE2i ω2
)
(B8)
X2 =
8a2ω
c6
(
(a1.pf )(k.pi)|pi|c3 cos(θf )Efω − (a1.pf )(k.pi)c2 cos(θif )EfEiω + (a1.pf )|pi|2
×c2 cos(θif )Efω2 − (a1.pf )|pi|c cos(θif ) cos(θi)EfEiω2 − (a1.pf )|pi|c cos(θf )EfEi
×ω2 + (a1.pf ) cos(θf ) cos(θi)EfE2i ω2 + (a1.pi)(k.pf )|pf ||pi|c4ω − (a1.pi)(k.pf )|pf |
×c3 cos(θi)Eiω − (a1.pi)|pf ||pi|c2Efω2 + (a1.pi)|pf |c cos(θi)EfEiω2 + (a1.pi)|pi|
×c cos(θf )E2fω2 − (a1.pi) cos(θf ) cos(θi)E2fEiω2 + (a1.sf )(k.pf )(k.pi)|pi|c6 − (a1.sf )
×(k.pf )|pi|c4Eiω + (a1.sf )(k.pf )c3 cos(θi)E2i ω + (a1.sf )(k.pi)|pf |c4 cos(θif )Eiω
−(a1.sf )(k.pi)|pi|c4Efω − (a1.sf )|pf ||pi|2c4 cos(θif )ω2 + (a1.sf )|pf ||pi|c3 cos(θif )
× cos(θi)Eiω2 − (a1.sf )|pi|c6ω2 + (a1.sf )|pi|c2EfEiω2 + (a1.sf )c5 cos(θi)Eiω2
−(a1.sf )c cos(θi)EfE2i ω2 − (a1.si)(k.pf )(k.pi)|pf |c6 + (a1.si)(k.pi)|pf |c4Efω
−(a1.si)(k.pi)c3 cos(θf )E2fω
)
(B9)
Y2 =
8a2ω
c6
(
(a1.pf )(k.pi)|pf ||pi|c4ω − (a1.pf)(k.pi)|pi|c3 cos(θf )Efω − (a1.pf )|pf ||pi|c2Eiω2
+(a1.pf)|pf |c cos(θi)E2i ω2 + (a1.pf )|pi|c cos(θf )EfEiω2 − (a1.pf ) cos(θf ) cos(θi)EfE2i ω2
+(a1.pi)(k.pf )|pf |c3 cos(θi)Eiω − (a1.pi)(k.pf )c2 cos(θif )EfEiω + (a1.pi)|pf |2c2 cos(θif )
×Eiω2 − (a1.pi)|pf |c cos(θif ) cos(θf )EfEiω2 − (a1.pi)|pf |c cos(θi)EfEiω2 + (a1.pi)
× cos(θf ) cos(θi)E2fEiω2 − (a1.sf )(k.pf )(k.pi)|pi|c6 + (a1.sf )(k.pf )|pi|c4Eiω − (a1.sf )
×(k.pf)c3 cos(θi)E2i ω + (a1.si)(k.pf )(k.pi)|pf |c6 − (a1.si)(k.pf )|pf |c4Eiω + (a1.si)
×(k.pf)|pi|c4 cos(θif )Efω − (a1.si)(k.pi)|pf |c4Efω + (a1.si)(k.pi)c3 cos(θf )E2fω
−(a1.si)|pf |2|pi|c4 cos(θif )ω2 + (a1.si)|pf ||pi|c3 cos(θif ) cos(θf )Efω2 − (a1.si)|pf |
×c6ω2 + (a1.si)|pf |c2EfEiω2 + (a1.si)c5 cos(θf )Efω2 − (a1.si)c cos(θf )E2fEiω2
)
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